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Abstract. We consider a 5-dimensional model with geometryM =M4×S1, with compactification radius
R. The Standard Model particles are localized onto a brane located at y=0, with identical branes localized
at different points in the extra dimension. Objects located on our brane can orbit around objects located
on a brane at a distance d = y/R, with an orbit and a period significantly different from the standard
Newtonian ones. We study the kinematical properties of the orbits, finding that it is possible to distinguish
one motion from the other in a large region of the initial conditions parameter space. This is a warm-up
to study if a SM-like mass distribution on one (or more) distant brane(s) may represent a possible dark
matter candidate. After using the same technique to the study of orbits of objects lying on the same brane
(d = 0), we apply this method to detect generic deviations from the inverse-square Newton’s law. We
propose a possible experimental setup to look for departures from Newtonian motion in the micro-world,
finding that an order of magnitude improvement on present bounds can be attained at the 95% CL under
reasonable assumptions.
1 Introduction
Even after the discovery of a scalar particle with a mass
mH = 125.7 ± 0.4 GeV [1] in 2012 by the ATLAS and
CMS Collaborations (see Refs. [2–5] and [6–8] for recent
results), it is well possible that the Standard Model be
not the end of the story for several theoretical and exper-
imental reasons. First of all, the Standard Model cannot
explain the observed Dark Matter component of the Uni-
verse energy density, ΩDM ∼ 27%; it has no clue for the
so-called Dark Energy that should determine the observed
accelerated expansion of the Universe, ΩDE ∼ 0.68%; the
amount of CP violation in the Standard Model is not
enough to explain Baryogenesis; and, eventually, the ob-
servation of non-vanishing neutrino masses cries for an
extension of the Standard Model that could account for
them (allowing, in some extensions, for a Baryogenesis-
through-Leptogenesis scenario). In addition to these ex-
perimental hints, the Standard Model does not include
gravity, for which a coherent (and unique) quantized the-
ory is lacking. Most of the Standard Model extensions have
been advanced to solve some of these problems, by con-
sidering it as an effective low-energy theory that should
be replaced by a more fundamental one at some scale
such as, for example, the Planck scale, MP ∼ 1019 GeV.
Notice that MP is well above the electroweak symmetry
breaking scale, ΛEW ∼ 246 GeV, though. This enormous
spread sounded unnatural [9] for long, originating the so-
called hierarchy problem. Typical solutions, such as su-
persymmetry [10] or technicolor [11–13], assume that new
physics, responsible for the electroweak symmetry break-
ing, must be found not much above the electroweak scale.
Both hypotheses, however, predict the existence of many
new particles not seen up to now at the LHC. A differ-
ent proposal to solve the hierarchy problem was advanced
in the ’90s [14–17]: to explain the large hierarchy between
ΛEW andMP without introducing new physics in between,
why don’t we lower MP , instead? This could be done as-
suming the existence of new spatial dimensions in excess of
the observed three ones to which we are used to at human-
being length scales. In order for these new dimensions to
pass unnoticed to the eye of an observer, they must be
compactified in such tiny volumes that direct observation
through the measurement of deviations from the inverse-
square Newton’s law for gravitational interactions is be-
yond the reach of current experiments [18]. If gravity may
propagate into the bulk Vn ∼ (2piR)n, with R a generic
compactification radius (more complicated compactifica-
tion schemes may be envisaged), at very small distances
compared with R gravity would be D-dimensional (where
D = 4 + n, being n the number of extra spatial dimen-
sions) with a fundamental scale MD. On the other hand,
at distances much larger than R, gravity behaves as in 4-
dimensions, with fundamental scale M2P ∝ (2piR)nMn+2D .
This relation between MP and the fundamental scale MD
of a D-dimensional gravitational theory was first derived
in Refs. [15, 16] and [19]. The relation states that, if Vn
is large enough, the fundamental mass scale MD can be
much lower than MP and, possibly, as low as the electro-
weak symmetry breaking scale ΛEW, thus solving the hi-
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erarchy problem1. For n = 1, R should be of astrophys-
ical size to have MD ∼ 1 TeV. However, for n ≥ 2 to
lower MD down to some TeV’s a sub-mm radius R suf-
fices, something that is not excluded by direct observation
of deviations from the Newton’s 1/r2 law: present limits
on new spatial dimensions gives R ≤ 44µm at 95% CL
for the largest extra-dimension compactified in a circle of
radius R [20]. A huge literature has been devoted to study
the virtues and problems of LED models (see, for exam-
ple, Ref. [21] and references therein), and experimental
searches at the LHC of signatures of extra-dimensions in
high-energy particle scattering are ongoing (see Ref. [1]
for a recent update on the LED searches status). Notice,
however, that non-observation of the characteristic signa-
tures of LED models at the LHC is pushing limits on MD
well above the TeV scale, thus making them less appealing
as an elegant solution to the hierarchy problem.
On the other hand, extra-dimensions may be moti-
vated on their own as a possible framework for Dark Mat-
ter. In LED models, the Standard Model is added to grav-
ity by introducing two separate terms in the action [22],
S = Sgravity + SSM. Whilst Sgravity is the D-dimensional
Einstein-Hilbert action, SSM is the standard 4-dimensional
action of the Standard Model. The SM fields are stuck
onto a 4-dimensional surface called brane, a concept bor-
rowed by string theory [23]. Little has been said about an
interesting possibility: if we may conceive a space-time in
which Standard Model particles are bounded to live on a
4-dimensional surface embedded in a higher-dimensional
bulk, what forbids the existence of other identical branes,
with identical (or different) matter located on them? This
hypothesis has not been studied in full detail after hav-
ing been advanced at the very beginning of the LED pro-
posal at the end of the ’90s (albeit, to our knowledge,
not in scientific publications). In particular, little interest
has been devoted to the possibility that SM-like matter
located on a different brane at a distance |y| < 2pi|R|
from us in the extra-dimensions may represent a fraction
(or the total) of the Dark Matter component in the Uni-
verse. Notice that, for three-dimensional distances r much
larger than the compactification scale R, r  R, gravity
behaves effectively as in 4-dimensions. Therefore, the ex-
tra matter located on different branes act identically to
standard matter in our Universe, albeit only gravitation-
ally, as gauge interactions are only allowed on directions
longitudinal to the branes, and not transverse to them.
The extra matter on other branes, therefore, behave ex-
actly as Dark Matter (taking into account present bounds
on direct and indirect Dark Matter searches, from which
only very tight upper bounds on non-gravitational cross-
sections of Dark Matter particles with SM ones can be
derived, see for example Ref. [24] for a recent review).
Several papers have dealt with isimilar ideas. For ex-
ample, in Ref. [25], the idea that the brane in which we
live may be folded many times in a small compact vol-
ume was pursued. If two foldings of the brane happen
1 Being a large compact volume the origin of a large 4-
dimensional Planck mass, this solution to the hierarchy prob-
lem is called Large Extra-Dimensions (LED).
to be very near at some point in the extra-dimensions,
matter located on them would interact gravitationally but
not through gauge interactions (whose messengers should
travel much longer than gravity), thus behaving as Dark
Matter. The same would happen within the framework of
what is known as mirror matter: matter identical to SM
matter, albeit forbidden to interact through gauge fields
with SM particles because of a conserved parity number
(see, e.g., Ref. [26] and refs. therein). In both cases, SM-
like matter can interact gravitationally with matter in our
Universe but not through other interactions. A lot of work
has been devoted to these ideas, trying to fulfill all present
cosmological and astrophysical bounds on the Dark Mat-
ter properties (see, for example, Refs. [27–30] for the case
of mirror matter). One of the main problems for SM-like
matter to represent the Dark Matter component of the
Universe is the fact that data favours a non-dissipative,
collisionless fluid and not matter that, naively, would clus-
ter and form structures identical to those present in the
visible sky (see, for example, the literature on Double Disk
Dark Matter [31, 32]). Attempts to make models of dissi-
pative dark matter agree with observational data can be
found, for example, in Refs. [33–35]
This paper, however, is not the place to perform a
comprehensive study of a many-branes model with SM-
matter located identically on two or more branes as a
possible solution to the Dark Matter abundance prob-
lem. We will leave this ambitious program, hopefully, to
forthcoming publications. We restrict ourselves to a more
limited, albeit inspiring goal: to study the classical kine-
matical behaviour of masses located on two distant (in
the compact extra-dimension) branes under the effect of
the D-dimensional gravitational field. We study the sim-
plest case, one single extra spatial dimension compacti-
fied on a circle of radius R, whose size should be within
the present bounds given above. For simplicity, we have
fixed2 R = 10 µm. We have chosen the masses of a grav-
itational source m on a distant brane (there) and of a
test body m′ on our brane (here) to values such that the
typical three-dimensional distance r varies in the range
r ∈ [1, 100] µm, for which we expect to maximize the pos-
sible deviations from Newtonian dynamics. We have then
derived the range of angular velocities θ˙ for which the or-
bit of m′ around the projection of m on our brane, x0,
are not open trajectories. For this choice of initial condi-
tions, we expect from Newtonian gravity stable, periodic,
elliptical orbits of m′ around x0, being x0 one of the foci
of the ellipse. On the contrary, we have found that the
trajectory of m′ around x0 in a two-branes 5-dimensional
model may be either an open path or a bounded one,
but cannot be a closed orbit. Bounded orbits are gener-
ally not elliptical, not periodic and with revolution times
that can change significantly from one revolution to the
next. A significant precession of the ”periapsis” (defined
as the point for which the distance between m and m′ is
2 We are aware that this model cannot solve the hierarchy
problem (as, for a sub-mm size extra-dimension, MD ∼ 5 ×
105 TeV), that could however be solved adding more than one
extra-dimension.
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minimal) is also observed in the considered region of the
initial conditions parameter space. In order to assess quan-
titatively for which particular initial conditions we could
distinguish Newtonian dynamics from the two-branes 5-
dimensional one, we have produced mock data describ-
ing some characteristics of the orbit in the latter model.
For this study, we computed the distance at the periapsis
and the ”apoapsis” (the point for which the distance be-
tween m and m′ reaches a maximum) of m′ from x0 and
the time needed for m′ to perform the first 2pi-revolution
around x0 (of course, a more complete study of the ge-
ometrical shape of the orbit on a time span larger than
a single revolution may be done). We have then tried to
fit the data using Newtonian dynamics (seeing if the or-
bit can be indeed described by an ellipse with a focus at
x0 where a 4-dimensional gravitational source of mass M ,
not necessarily identical to m, lies). Our conclusion is that,
in a gedanken experiment in which a mass m′ is orbiting
around ”nothing” at x0 (i.e. around the projection of m
on our brane), the measurement of a few of the geomet-
rical and kinematical properties of the orbit is enough to
distinguish the two models in a significant portion of the
parameter space (depending, of course, on the distance
d = y/R of the two branes: the nearer, the more difficult
the two models are to be distinguished). We have found
that the most important experimental information (apart
from the observation of a precession of the periapsis) is the
measurement of the time needed to m′ to perform a 2pi-
revolution around the projection of m. Of course, as long
as only two objects are considered, the presence or not
of other branes in the extra dimension in addition to the
two branes where the two bodies lie is irrelevant, as long as
branes are transparent to gravity (see, however, Ref. [36]).
However, our analysis could be straightforwardly extended
to the case of several objects located on several different
branes (i.e. in a truly many-branes model) taking into ac-
count that the potential acting on m′ is just the sum of
the potentials originating from n sources mi (i = 1, . . . , n)
located at distance
√
r2i + y
2
i from m
′.
Armed with the expertise acquired in the case in which
m and m′ are located onto different branes, we have ap-
plied the same technique to the interesting case d = 0,
i.e. the case in which the two masses are on the same
brane. In other words, may the measurement of the kine-
matical properties of the orbit of a mass m′ around a
gravitational field source m in the micro-world be used to
detect deviations from the 1/r2 Newton’s law? The an-
swer, apparently, is yes. Consider a ”planet” P of mass
m ∼ 10−7 g and a ”satellite” S with a mass m′ ∼ 10−9 g
at a distance from P r0 = 190 µm with an angular veloc-
ity θ˙0 = 1.8× 10−4 rad/s. The Newtonian orbit travelled
by S around P has an apoapsis at the starting distance
r0 and a periapsis after half a revolution at a distance
∼ 40 µm. The period of a 2pi-revolution of S around P,
with the initial conditions given above is TN ∼ 7000 s,
i.e. approximately two hours! On the other hand, we have
found that if the two masses are located onto a brane in
a 5-dimensional space-time with an extra-dimension com-
pactified on a circle of radius R = 10 µm, the distance of
the periapsis can be less than a half with of the Newtonian
one. When S approaches its periapsis, the gravitational
field is much more intense than in the Newtonian case,
and a gravitational slingshot effect is induced on S. For
this reason, the orbit is completely different: an almost
elliptical orbit is followed by a very short and very fast
nearly circular one. This pattern is repeated every time,
with the major axis of the almost elliptical section of the
orbit precessing around P at the ratio of ∼ pi/2 every
two revolutions. The time needed for S to orbit around
P is non-constant: a revolution with Tlong ∼ TN is fol-
lowed by a second, very fast one, Tshort  TN (with Tshort
ranging between 100 s to 1000 s). Measuring several rev-
olution times and fit them to a constant (as expected in
the Newtonian case) is, therefore, a very powerful tool to
discriminate a gravitational potential different from the
Newtonian one.
Notice that, as both the source of the gravitational
field m and the test mass m′ are on our brane, both can
be manipulated. Therefore, we are no longer in the realm
of a gedanken experiment. We have, therefore, applied the
method outlined above to the case of a phenomenological
modification of the Newtonian potential in the form of a
Yukawa correction proportional to αGNmm
′ exp(−r/λ),
where α = 2 cos d and λ = R in the case of one com-
pact extra-dimension (this way to parametrize deviations
from the 1/r2 Newton’s law is standard in the literature).
A possible experimental setup that fulfills the basic re-
quirements (even though it should be clearly studied fur-
ther in all its details) is the following: put a platinum
planet P with mass mP ∼ 10−7 g and radius rP = 10.3
µm at the center of a 1 mm3 laboratory in vacuum; in-
troduce in the laboratory a diamagnetic satellite S with
mass mS ∼ 10−9 g (for a pyrolitic graphite sphere, ρ = 2.2
g/cm3 and rS = 4.8 µm); insert the lab between two mag-
nets with a magnetic field B ∼ 0.5 T, such that the dia-
magnetic sphere may levitate to cancel the Earth gravi-
tational field. Once the diamagnetic sphere, at an initial
distance from P r0 = 190 µm is put into motion with
an angular velocity θ˙0 = 1.8 × 104 rad/s (for example by
means of photo-irradiation), we can measure the times Tn
it takes to S to perform n revolutions around P and com-
pare with the constant Newtonian period TN expected for
this particular choice of initial conditions. In this way, we
have been able to derive the attainable exclusion limits at
95% CL, finding that an upper limit of λ < 2 µm can be
obtained for α = 2 (to be compared with the present limit
for one extra-dimension R < 44 µm at 95% CL). Limits
of a few microns can be put down to α ∼ 10−3 (where for
α > 105 bounds below 1 µm can be obtained). An impor-
tant comment is that typical backgrounds that limit the
sensitivity of experiments that test deviations from the
1/r2 law (such as Coulomb, dipolar or Van der Waals elec-
trical forces) are irrelevant in this case as they correct the
gravitational force with a 1/r2 dependence on the distance
of S from P, and therefore, according to the Bertrand’s the-
orem, may not induce precession of the orbit (these back-
grounds may only modify the constant revolution time TN
and are, therefore, easily taken into account by looking for
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variations of the revolution time along the orbit). Another
important background, the Casimir force between the test
sphere and the gravitational source, is negligible as the
test sphere is a diamagnetic object and not a conductive
metal). We have checked also that general relativity cor-
rections (that go with 1/r4 and may cause a precession of
the periapsis, as in the case of Mercury) are also negligible.
In summary, our results are very promising and we plan to
investigate further the possibility to use kinematical mea-
surements of orbits of micro-spheres at micro-distances to
test the Newton’s law.
The paper is organized as follows: in Sect. 2 we re-
mind the gravitational potential felt by a body of mass
m′ at a distance d = y/R in the extra-dimension from the
source m of the gravitational field (as from Refs. [37,38]);
in Sect. 3 we compute the gravitational force acting on
m′ in the case when m′ is located on a brane at a dis-
tance d in the extra-dimension from the source (this was
first done in Ref. [39]); in Sect. 4 we study the motion of
m′ under the effect of the gravitational field induced by m
when the two bodies are on distant branes for masses, dis-
tances and angular velocities such that orbits range from
tens to hundreds of microns and quantify statistically the
region of the initial conditions parameter space for which
the orbit can be distinguished from a Newtonian one; in
Sect. 5 we apply the same technique to the case when m
and m′ lie on the same brane; in Sect. 6 we extend our
analysis to the study of general deviations from the 1/r2
Newton’s law using the kinematical properties of micro-
orbits; eventually, in Sect. 7 we draw our conclusions.
2 Gravitational potential in M4 × S1
When the original Large Extra-Dimensions model was pre-
sented in Refs. [16,17], a simple phenomenological poten-
tial was derived in the limit of very large standard dimen-
sions r = |r| with respect to the average compactification
radius R = |R|,
V4+n(|r|  |R|) ∼ − mm
′
M2+nD R
nr
∼ −mm
′
M2P r
, (1)
where m is the source of the gravitational field, m′ a test
mass and MP and MD are the Planck mass and the fun-
damental scale of gravity in D = 4+n dimensions, respec-
tively. The last equation establishes a relation between the
two scales:
M2P ∼M2+nD Rn , (2)
so that the Planck scale can be much higher than the
fundamental scale of gravity MD if the compact volume
Vn ∝ Rn is large, thus solving the hierarchy problem. In
a subsequent paper, Ref. [19], the size of the first order
corrections in |r|/R was also sketched:
V4+n(|r|  |R|) ' −mm
′
M2P
∑
(k1,...,kn)
e−2piL|k|/r
r
. (3)
A complete computation of the gravitational potential in
the case ofM4×Sn, however, was only given in Refs. [37,
38]. A very simple derivation of the potential can be found
in Ref. [39] and it is outlined below for the case at hand
of one compact extra-dimension, only.
Consider, first, the gravitational potential generated
by the mass m in 5 non-compact dimensions acting on
the test mass, m′:
V non−compact5 (r, y) = −
G5mm
′
2
1
[r2 + y2]
, (4)
where l0 =
√
r2 + y2 is the distance from the source of
the potential, divided into its three-dimensional projection
r = |r| and its extra-dimensional component, y. The 5-
dimensional Newton constant,G5 is defined asG5 ≡M−3D ,
being MD the fundamental scale of gravity.
Notice, however, that if we consider now an extra-
dimension compactified on a circle of radius R, the path
of length l0 is not the only one that connects the mass
m′ with m: we can reach the source of the potential by
traveling along a straight line wrapping around the com-
pact dimension as many times as we want. The length of
a path that goes k times around the compact dimension is
lk =
√|r|2 + (y − 2piRk)2. Therefore, the source is effec-
tively felt by the mass m′ infinitely many times, albeit the
gravitational potential is increasingly feebler as long as we
turn more and more. In order to compute the full gravi-
tational potential felt by m′ in a compact space-time, we
can imagine an infinite extra-dimension y with an infinite
number of sources m located at distance 2piR from each
other, and just sum their potentials:
V compact5 (r, y) = −
G5mm
′
2
∞∑
k=−∞
1
[r2 + (y − 2piRk)2] ,
(5)
where the sum goes from −∞ to +∞ since we can wrap
around the compact dimension traveling in both direc-
tions. Define L = 2piR the length of the compact dimen-
sion. Then, use the following identity:
1
r2 + (y − Lk)2 =
1
2iLr
(
1
k + z
− 1
k + z?
)
, (6)
where
z = −y + ir
L
. (7)
The potential can thus be written as:
V compact5 (r, y) = −
G5mm
′
4iLr
∞∑
k=−∞
(
1
k + z
− 1
k + z?
)
,
(8)
an expression that can be easily summed since:
∞∑
k=−∞
1
k + z
= pi cotpiz , (9)
and, therefore,
V compact5 (r, y) = −
G5mm
′
8iRr
(cotpiz − cotpiz?) . (10)
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After some algebraic manipulation, we get:
V compact5 (r, y) = −
G5mm
′
4Rr
[
sinh
(
r
R
)
cosh
(
r
R
)− cos ( yR)
]
. (11)
The 5-dimensional potential V compact5 (r, y) as a function
of the normalized three-dimensional distance a = r/R is
shown in Fig. 1(left) for three different values of the nor-
malized distance in the bulk d = y/R: d = pi/3, pi/2 and
pi (light solid, dotted and dashed lines, respectively). As
it can be clearly seen, for a  1 the potential does not
depend on d and becomes identical to the Newtonian 4-
dimensional potential (depicted as a bold solid line). On
the other hand, when a ∼ 1, the distance d plays a major
role in determining the strength of the potential. A very
important point to stress is that, for y 6= 0, there is no
divergence at r → 0, as the test mass at l = (r, y) is not
(yet) falling into the potential well located at l → 0 but
it remains at a safe distance y from it.
The limits of small and large a can be easily computed,
albeit making a distinction between the case y = 0 and
y 6= 0. For two masses located on the same brane, y = 0,
at very short three-dimensional spatial distance from the
source we get:
V compact5 (a 1, 0) ∼ −
G5mm
′
2R2a2
+O(a) , (12)
i.e. the non-compact 5-dimensional potential of eq. (4).
On the other hand, when y 6= 0, the potential is quite
different:
V compact5 (a 1, d) ∼ −
G5mm
′
4R2(1− cos d) +O(a) , (13)
as it is dominated by a volume term depending on the size
of the extra-dimension. Notice that, since the gravitational
force attracts necessarily a body in the bulk towards the
source of the potential, considered fixed onto a brane, at
some time eq. (4) must be recovered.
When the projection of the vector l onto the standard
three spatial dimensions r is much larger than the com-
pactification radius R, a 1, we have:
V compact5 (a 1, d) ∼ −
G5mm
′
4R2a
[
1 + 2 cos d e−a + . . .
]
.
(14)
The leading term of eq. (14) is nothing but the standard
Newtonian 4-dimensional potential, after identifying:
G4 ≡ G5
4R
. (15)
The leading correction, on the other hand, introduces a
Yukawa-like potential whose impact can be experimentally
tested (see Refs. [18, 20]).
3 Gravitational force in M4 × S1
From the potential V compact5 (r, y) it can be easily derived
the gravitational force acting on a body of mass m′ located
in the bulk at distance l0 =
√
r2 + y2 from the source of
the gravitational field. We have:
F 5
m′
= − 1
m′
∇V5
= −G5m
∞∑
k=−∞
1
[r2 + (y − 2piRk)2]3/2
l̂k
= −G5m
∞∑
k=−∞
1
l3k
l̂k , (16)
where lk =
√
r2 + (y − 2piRk)2 and l̂k is a unit vector
pointing in the direction of the mass m′ from the source
(that depends on the winding number k).
The gravitational force that acts on a mass m′ in the
bulk under the effect of a mass m located on a brane has
been also computed in Refs. [37, 38]. An interesting con-
sequence of eq. (16) is that, given enough time, any mass
located in the bulk will eventually be attracted towards
the mass distribution located on the brane and, therefore,
the bulk is necessarily empty. The brane acts, in prac-
tice, as a ”bulk vacuum-cleaner”. On the other hand, this
is not true if a mass is stuck to a second brane, differ-
ent from the one onto which is located the source of the
gravitational field. This case has not been treated in the
references above, but it has been studied in Ref. [39], in-
stead.
Consider the mass m′ at a distance l0 =
√
r2 + y2
where y is the distance along the fifth-dimension between
two parallel branes. Since m′ cannot escape its own brane,
the gravitational force originating at the location of m
is partially cancelled. The problem resembles, therefore,
that of a mass onto an inclined plane, for which only the
component of the force that goes along the plane remains.
To compute the component of the brane-to-brane force
along the second brane, we must derive the potential along
r:
FBB
m′
= − 1
m′
∇
∣∣∣∣
r
V5
= −G5m
∞∑
k=−∞
cos θk
[r2 + (y − 2piRk)2]3/2
r̂
= −G5m
∞∑
k=−∞
r
l4k
r̂ , (17)
with θk the angle between the vector lk and our brane,
and r̂ the (unique) unit vector along the projection of l̂k
onto our brane. Introducing the normalized coordinates
a = r/R and d = y/R we get:
FBB = −G5mm
′
4R3a2
fBB(a, d) r̂ , (18)
where
fBB(a, d) =
[
sinh a
(cosh a− cos d) − a
1− cosh a cos d
(cosh a− cos d)2
]
.
(19)
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Fig. 1. Left panel: The dependence of the 5-dimensional potential V compact5 (r, y) on the three-dimensional distance a = r/R
for three different values of d = y/R, d = pi/3 (red dashed line), d = pi/2 (red dotted line) and d = pi (red solid line), for
R = 10 µ m.The Newton potential is plotted with a black solid line as a reference. Right panel: Comparison of the different
forces: the 4-dimensional Newton force (black solid line), the 5-dimensional gravitational force |F 5(a, d)| (blue dashed line) and
the brane-to-brane force |FBB(a, d)| (red dotted line), for d = pi/2. All forces are properly rescaled in the vertical axis so as to
be comparable in adimensional units.
Notice that FBB is quite different from the well-known
4-dimensional Newton force: first of all, it is singular at
a → 0 only for d = 0, i.e. when the two masses are on
the same brane; on the other hand, for d 6= 0, the force
vanishes as a goes to zero, since the gravitational attrac-
tion felt by m′ under the effect of m cancels exactly with
the constraint that bounds m′ to remain on a brane at
distance d from the source. The behavior of |FBB| as a
function of a is shown in Fig. 1(right): the black (solid)
line represents the 4-dimensional Newton force, to be com-
pared with the blue (dashed) line that represents the 5-
dimensional force |F 5(a, d)| acting on a particle at a dis-
tance l0 = R
√
a2 + d2 from the source for the particular
case d = pi/2. On the other hand, the red (dotted) line
represents the brane-to-brane force |FBB(a, d)| computed
in eq. (18) acting on a particle at a distance l0 from the
source but bounded to a second brane at a distance d
from our brane. First of all notice that both |F 5(a, d)| and
|FBB(a, d)| coincides with the 4-dimensional Newton force
for a ≥ 4 (i.e. above the present experimental bound on R,
as they should). In the region a ∈ [1, 4] the 5-dimensional
force |F 5(a, d)| is larger than the 4-dimensional Newton
force, contrary to the naive expectation that is deduced by
applying the Gauss theorem to a non-compact space-time.
For a < 1 the 4-dimensional Newton force eventually be-
comes larger than its 5-dimensional counterpart, diverging
for a→ 0 (whereas |F 5(a→ 0, d)| goes to a constant). The
brane-to-brane force |FBB(a, d)| is almost identical to the
Newton force for a ≥ 2, whereas the effect of both com-
pactification and of the second-brane constrain becomes
dominant for a < 1, eventually making |FBB(a, d)| vanish
for a→ 0. Eventually, notice that both the brane-to-brane
and the 5-dimensional force have a maximum for a ∼ 1.
The small a limit of the brane-to-brane force is:
|FBB(a 1, d) ' −G5mm
′
12R3
a
(2 + cos d)
(1− cos d)2 +O(a
3) .
(20)
On the other hand, for a 1 we have:
|FBB(a 1, d) ' −G5mm
′
4R3
[
1
a2
+ 2 cos d
e−a
a
+ . . .
]
,
(21)
where the first term in the expansion gives the 1/r2 4-
dimensional Newton’s law. Notice that, depending on d
FBB may be smaller or larger than the Newtonian 4-dimensional
force.
Using eq. (21), an upper bound on the compactification
radius has been derived, R ≤ 44 µm [1]. The lower bound
on the fundamental mass scale MD can then be derived
using eq. (15): we get MD ≥ 5.5 × 105 TeV (well beyond
LHC reach). Notice that, even if tMD is much lower than
the Planck scale MP , adding only one extra spatial di-
mension is not enough to solve the hierarchy problem and
bring the fundamental scale of gravity down to the elec-
troweak scale as a huge hierarchy between MD and ΛEW
still exists. On the other hand, for two extra spatial di-
mensions (for which the experimental bound on R gives
R ≤ 37 µm), the lower bound on MD becomes MD ≥ 3.6
TeV, within the reach of LHC. Recent limits put by both
ATLAS and CMS using different signals imply that MD
should be greater than a few TeV (see Ref. [1] and up-
dates).
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4 Two bodies on different branes: a gedanken
experiment
Consider now two bodies located on two different branes
at a distance d = y/R in the extra dimension, with R fixed
to a value allowed by the present bound, R = 10 µm (we
have checked that our results do not change significantly
for R ∈ [10, 50] µm, after proper tuning of the initial con-
ditions). For simplicity, we fix the source mass m on a
distant brane (i.e. there) and the test mass m′ onto our
brane (i.e. here). As a consequence, we cannot interact
with the source of the gravitational potential (that is out
of our experimental reach), whereas we can manipulate
the test mass m′: for example, we can choose its mass,
its position and its velocity. The question we want to ad-
dress is the following: can we distinguish the motion of m′
induced by m from a 4-dimensional Newtonian motion?
Clearly, this experiment is not feasible in practice, as we
have no handle to control the source, and for this reason
it is a gedanken experiment. What we can learn from it,
however, is interesting in itself, as we will see that just by
simple classical measurements of the geometry and period
of the motion of m′ onto our brane under the effect of the
gravitational force induced by an unseen source is enough
to exclude a 1/r2 Newtonian force as the cause of such a
motion.
As a warm up, we first consider the case of a linear mo-
tion in Sect. 4.1. Eventually, we study the two-dimensional
case in Sect. 4.2.
4.1 Linear motion
Consider the mass m in a brane at distance d = y/R in
the bulk. The projection of its position onto our brane,
x0, is taken to be the origin of a three-dimensional coor-
dinate system , x0 = 0. The test mass m
′ is located onto
our brane at a position x, such that the distance in three
dimensions between the two masses is r = |x− x0|. If we
take the mass m′ to be at rest or with an initial velocity
aligned with the attracting gravitational force FBB(r, d),
the resulting motion will be a linear motion. As there is
no massive body located at x0 (the source is displaced at
a distance d in the extra-dimension), the test mass m′ will
not crash onto m. Quite the contrary, it will proceed in
its motion, escaping from the source m′ or being bounded
in a periodic motion in proximity of x0 depending on the
initial conditions.
Reducing the problem to a one-dimensional motion
along the line that goes from x to x0, we must solve:
r¨ =
F (r)
m′
, (22)
where F (r) is either F4(r) in the case of a 4-dimensional
Newton force or FBB(r, d) in the case of a brane-to-brane
force between particles on branes at distance d in the
extra-dimension. In the first case, we have:
r¨(t) +
G4m
r2(t)
= 0 . (23)
For simplicity, we will consider the mass m′ small enough
to neglect the motion of m under the effect of m′. Let’s
normalize the distance between the two bodies to the com-
pactification radius R introducing the normalized distance
a = r/R. The differential equation to be solved is, thus:
a¨(t) +
k
a2(t)
= 0 , (24)
where k = G4m/R
3 is a coefficient with dimensions s−2.
Since R is bounded to be below 44 µm, the distance at
which we want to compare the 4-dimensional Newtonian
motion with the brane-to-brane case is r ∈ [1, 100] µm. If
we choose a mass m ∼ 10−7 g, then G4m ∼ 1 µm3/s2 (i.e.
k ∼ 10−3 s−2) and a is naturally of the required order.
If the two bodies are on different branes, we have:
¨a(t) +
k5
a2(t)
fBB(a, d) = 0 , (25)
where k5 = G5m/4R
4 (using the asymptotic relation in
eq. (15) we have, trivially, k5 = G4m/R
3 = k).
In Fig. 2 we show the time evolution of the position a
of a body of mass m′ under the effect of the gravitational
force induced by a body of mass m located at the origin
of our three-dimensional coordinate system for the two
cases in which the two bodies obey the 4-dimensional New-
ton’s law (in red) or the brane-to-brane force FBB(a, d)
(in blue). We start at a distance a0 = 5, i.e. r = 50 µm,
and an initial velocity a˙0 = 0 in both cases. The initial
distance is large enough for the 4-dimensional Newtonian
force being a good starting approximation (the couplings
k and k5 are taken to be identical). However, under the
effect of the gravitational force, we see in the left panel of
Fig. 2 that the time evolution changes significantly. The
4-dimensional motion (thick red line) approaches a = 0
and stops in t ' 390 s, when the two bodies collide. On
the other hand, the brane-to-brane motion reaches a = 0
and proceeds until a = −a0 only to turn back and behave
periodically like a pendulum. The period of the brane-to-
brane motion depends on the distance of the two branes.
We show three cases: d = pi (solid blue), d = pi/2 (dashed
blue) and d = pi/4 (dotted blue), for which the period
is T ∼ 1800 s, ∼ 1600 s and ∼ 1500 s, respectively. No-
tice that the 4-dimensional motion follows the dashed blue
line (corresponding to d = pi/2) until crashing. This is a
consequence of the particular shape of the brane-to-brane
force: in Fig. 1(right panel) we can see that for d = pi/2
the brane-to-brane force is equivalent to the 4-dimensional
Newton force down to distances of a ∼ 2. On the other
hand, for d smaller the brane-to-brane force approaches
the 5-dimensional force, that in that range of a is stronger
than the 4-dimensional one (and, thus, the resulting mo-
tion is faster). For d > pi/2 we have a slower motion,
instead. In the right panel we show a slightly different sit-
uation: we consider the 4-dimensional Newtonian motion
of a mass m′ located on an inclined plane at minimal dis-
tance d = pi for the source m of the gravitational field (red,
solid line), and compare it with the motion of m′ under the
effect of the brane-to-brane force induced by a source m on
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Fig. 2. Normalized distance a between a mass m′ and the source of a gravitational field m (or its projection onto our brane,
x0) as a function of time. Left panel: the red thick line represents a(t)) under the effect of a 4-dimensional Newtonian force
F4(a); On the other hand, the blue thin lines represent the brane-to-brane motion under the effect of FBB(a, .d) for d = pi (solid
blue); d = pi/2 (dashed blue); d = pi/4 (dotted blue). Notice that Newtonian motion ends with a collision of the two masses
in t ' 390 s. Right panel: the red solid line represents Newtonian motion for a mass m′ constrained on an incline plane at a
minimal distance d = pi from m. The blue dashed line is the brane-to-brane motion under the effect of FBB(a, pi) In both panel
the initial conditions are: a0 = 5 (i.e r0 = 50 µm) and a˙0 = 0. In the left panel, k = k5 trivially due to eq. (15). In the right
panel, we have fixed F4(a, pi) ≡ FBB(a, pi).
a brane at a distance d = pi from our brane (blue, dashed
line). The 5-dimensional coupling k5 has been tuned such
that the strength of FBB(a, d) ≡ F4(a, d). We can see that
the two motions are both periodic and that the brane-
to-brane motion is faster than the 4-dimensional motion,
with a difference in the period of O(100) s.
4.2 Orbital motion
It is now time to study the far more interesting case of two-
dimensional motion. In this case, again, we can have open
trajectories or orbits depending on the initial conditions.
We will focus on the latter case, in which the mass m
at the source, the initial position and the initial angular
velocity of the mass m′ are tuned such that a bounded
orbit of m′ around m (or, more precisely, its projection
onto our brane x0) is observed.
Let’s revise first the Newtonian case, where the equa-
tion of motion can be written as:
m′r¨ = F 4(r) = −∇V (r) = −G4mm
′
r3
r , (26)
where V (r) is the potential energy due to the gravitational
field. The total energy is:
E = T + V = m′
{ |v|2
2
− G4m
r
}
, (27)
where T is the kinetic energy of m′. Writing the velocity
in radial coordinates, we have:
v = r˙ er + rθ˙ eθ , (28)
where (er, eθ) are two unit, orthogonal, vectors that de-
fine the position of m′ at time t in polar coordinates. Ex-
pressed in cartesian coordinates, er = (cos θ, sin θ) and
eθ = (− sin θ, cos θ). In this basis, the acceleration be-
comes:
v˙ =
(
r¨ − rθ˙2
)
er +
(
rθ¨ + 2r˙ θ˙
)
eθ . (29)
It is now trivial to write a system of equations of mo-
tion for the mass m′ in polar coordinates: r¨ − r θ˙
2 = −G4mr2
r θ¨ + 2r˙ θ˙ = 0
−→
 a¨− a θ˙
2 = − ka2 ,
a θ¨ + 2a˙ θ˙ = 0 ,
(30)
where we have introduced the adimensional length a =
r/R and k has been defined as in the previous section.
If we now replace the Newtonian 4-dimensional force
with the brane-to-brane force we have: a¨− a θ˙
2 = −k5a2 fBB(a, d) ,
a θ¨ + 2a˙ θ˙ = 0 ,
(31)
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The second equation implies conservation of angular mo-
mentum both for a Newtonian or a brane-to-brane force,
h(t) = r2(t) ˙θ(t) = h0 , (32)
where h0 is a constant of motion. Using this result, the
radial equation can be written as:
a¨− h
2
0
a3
=
−
k
a2 ,
−k5a2 fBB(a, d) ,
(33)
for the Newtonian (above) and brane-to-brane (below)
cases, respectively. We get different results in the two
cases: for the Newtonian case, solutions of the first of
eqs. (30) are conic sections. Possible trajectories are, then,
hyperbolic, parabolic or elliptic. In all cases, they can be
described by a simple function,
r(θ) =
rc
1− e cos θ , (34)
where rc = h
2
0/G4m and the eccentricity e is given by
e =
ra − rp
ra + rp
, (35)
being ra and rp the largest (apoapsis) and smallest (peri-
apsis) distances of m′ from m, respectively. For e = 0, r(θ)
describes a circular orbit, whereas for e < 1 the orbit is
elliptic. For e ≥ 1 the trajectory is open, being parabolic
for e = 1 and hyperbolic for e > 1. The period of a closed
orbit of m′ around m can be computed easily applying the
third Kepler’s law:
TN = pi
(ra + rp)
3/2
√
2G4m
. (36)
The results in the case of a brane-to-brane force are
very different. Remember that, according to the Bertrand’s
theorem, closed orbits are only possible for central forces
with a radial dependence of the form 1/r2 or r. Any de-
viation from these two possible functional dependences
implies that the resulting orbits are not stable nor closed.
A typical example of this is the general relativity correc-
tion to the orbit of Mercury: the leading post-Newtonian
corrections are of the form 1/r4 and induce an observable
precession of the perihelion of Mercury. This is precisely
the case of the brane-to-brane force: the r-dependence of
the (central) force field (either F5 or FBB, depending if
d = 0 or not) is not 1/r2. As a consequence, we do not
expect closed orbits (they may be bounded, though). This
is indeed shown in Fig. 3, where we show the trajectory
of m′ around x0 (whose position is represented by a black
dot at the origin) for d = pi (left panel), pi/2 (middle
panel) and pi/4 (right panel), respectively. For the brane-
to-brane motion, we have plotted (in blue) the first 100
revolutions of m′ around x0, only. In all cases, the initial
conditions have been chosen such that the Newtonian or-
bit (depicted in red) is elliptic: k = G4m/R
3 = 10−3 s−2;
a0 = 2 (i.e. r0 = 20 µm); a˙0 = 0; θ˙0 = 5 × 10−3 rad/s
( i.e. h0 = 2 µm
2 rad /s). The initial angle, θ0, can be
chosen arbitrarily: we will fixed it at θ0 = 0. Since the ini-
tial radial velocity, a˙0, is set to be zero, the starting point
(a = a0, θ = 0) is necessarily either the periapsis or the
apoapsis of the orbit.
In all panels, we can see a significant precession of
the periapsis that induces a rotation of the major axis of
the orbit around x0. However, depending on the brane-to-
brane distance d, the orbits can be very different even for
the same choice of the initial conditions a0, a˙0 and θ˙0. In
the left panel of Fig. 3 (corresponding to d = pi), for exam-
ple, we can see that m′ moves along nearly circular orbts
with a slow counterclockwise precession of the periapsis.
For d = pi/2, orbits are elliptical, instead, whereas preces-
sion is still slow as for d = pi. Eventually, for d = pi/4,
elliptical orbits are followed by fast nearly circular ones,
and precession of the periapsis is fast, as the major axis ro-
tate of approximately 45◦ clockwise every two revolutions
of m′ around x0.
4.3 Distinguishing a brane-to-brane from a Newtonian
motion
We want to study now the set of initial conditions for
which is possible to distinguish a motion that is compati-
ble with a Newtonian 1/r2 force from those that are clearly
incompatible with that. To do this, we first compute the
region of the parameter space for which we expect m′ to
orbit around a point. This is easily found computing the
minimal angular velocity θ˙0 for which a particle of mass
m′ at initial distance r0 from x0 will travel along an open
trajectory. This is called the escape velocity and it can
be computed looking when the kinetic energy exceeds the
gravitational potential in eq. (27), finding:
θ˙0 > θ˙
esc
0N =
√
2 k
a
3/2
0
(37)
for a Newtonian potential, and
θ˙0 > θ˙
esc
0BB =
√
2 k5
a
3/2
0
{
sinh a
cosh a− cos d
}1/2
(38)
for a brane-to-brane potential, respectively. In order to
have an orbit (something that permits to study the geo-
metrical properties of the trajectory over a long period of
time) we must thus choose θ˙0 and a0 such that they would
not violates the escape velocity bound. After checking this
condition, we can measure the characteristics of the orbit.
Several features distinguish a Newtonian orbit from a non-
Newtonian one. We will restrict ourselves in this section
to study three of them:
– The minimal distance3 from the source of the gravita-
tional field, rmin (i.e. the periapsis rp for a Newtonian
orbit);
3 In the simulations and in the plots showing our results,
we use as input variable the physical distance r0, and not the
adimensional distance a0 = r0/R.
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Fig. 3. The trajectory of m′ around the source m located at (or whose projection in three dimensions lies at) x0, represented
by a black dot. In red, we show the Newtonian elliptic orbit. In blue, we show the motion under the effect of the brane-to-brane
force when the two branes are at a distance d = pi (left panel), pi/2 (middle panel) and pi/4 (right panel), respectively. The initial
conditions are as follows: k5 = k = G4m/R
3 = 10−3 1/s2; a0 = 2 (r0 = 20 µm); θ˙0 = 5× 10−3 rad/s.
– The maximal distance from the source of the gravita-
tional field, rmax (i.e. the apoapsis ra for a Newtonian
orbit);
– The time it takes to m′ to make a 2pi-revolution around
the source of the gravitational field, TBB (i.e. the pe-
riod TN computed in eq. (36) for a Newtonian orbit).
Notice that TBB is a quantity that should be easy to mea-
sure experimentally putting an electronic trigger at θ = 0
(e.g. a laser beam can be sent along the θ = 0 direction
either to or from the source of the gravitational field, and
when m′ crosses the beam, thus interrupting it, a signal
can be sent to a clock to measure the time lapse). Other
possible definitions of T for a non-closed orbit (such as
the time it takes to m′, starting at the maximal distance
from m, to reach again the maximal distance, for exam-
ple), are not as easy to measure experimentally and will
be therefore discarded. Other geometrical features of the
orbit could be used to distinguish the two models: for ex-
ample, as it will be shown later, the precession of the peri-
apsis is a characteristic feature of non-Newtonian motion.
However, without a specific description of the experimen-
tal setup used to measure this feature it is not easy to
define an observable that can quantify the amount of pre-
cession. For this reason, we have restricted ourselves in
this Section to the limited but sufficient measurement of
minimal and maximal distance of m′ from x0.
Consider now the following gedanken experiment: a
particle of mass m′ onto our brane (here) is put into mo-
tion around a gravitational source of mass m that is lo-
cated onto a parallel brane (there) at a distance d from our
brane. Clearly, we cannot ”see” the source of the gravita-
tional potential, as it may emit and absorb photons only
in the other brane and it can be felt on our brane only
gravitationally (for this reason the experiment is only a
gedanken experiment). Still, we can put the particle of
mass m′ into motion with a certain set of initial conditions
and measure the characteristics of its orbit. Assume that
we know the mass m of the source, the distance d of the
two branes and the location of the projection ofm onto our
brane, x0. We can then define a set of possible initial con-
ditions
{
r0, r˙0, θ˙0
}
. For simplicity, we have chosen r˙0 = 0
throughout our simulation (this is always possible once the
position of the projection of m onto our brane is known, as
we are assuming, and it corresponds to a particular choice
of a coordinate system such that r˙|r0 = 0, θ˙|r0 = θ˙0).
In our simulation, k5R
3 = G5m/4R = 1 µm
3/s2, corre-
sponding to m ∼ 10−7 g and R = 10 µm. With this input,
the transverse size of orbits is typically in the tens of mi-
crons range. We have considered three possible distances
of the two branes: d = pi/4, pi/2 and pi. At this point, we
can generate a mock data set including three observables:
{rmin, rmax, TBB}. The question to ask is: is it possible
to reproduce the data with a Newtonian potential? We
have performed, therefore, a fit to the mock data using
a Newtonian potential with only three free parameters,{
k, r0N, θ˙0N
}
, from which the Newtonian observable list
{rp, ra, TN} can be univocally derived using eqs. (34) and
(36).
As a first step, we have tried to fit the data using only
two geometrical information of the orbit, i.e. the mini-
mum and maximum distance of m′ from the source of the
gravitational field, rmin and rmax. In the case of a New-
tonian potential, these two quantities correspond, as we
have reminded above, to the periapsis rp and the apoap-
sis ra, respectively. Having only two data points to fit, we
have used a two-variables χ2:
χ22obs = min
k,r0N,θ˙0N

[
rp(k, r0N, θ˙0N)− rmin(k5, d; r0, θ˙0)
]2
σ2r
+
[
ra(k, r0N, θ˙0N)− rmax(k5, d; r0, θ˙0)
]2
σ2r
 . (39)
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In the computation of χ22obs we have assumed that the
measurements of the minimum and maximum distance of
m′ from the source of the gravitational field are gaussian
distributed variables with variance σr = 1 µm. Remember
that, for our choice of k5, orbits have a typical size of tens
of microns. Therefore, the relative error on the measure-
ment of a distance ranges from 10% (for small orbits) to
1% (for large orbits). It is probably possible to measure
distances at this length scale with an error better than 1
µm. However, we consider it a conservative choice. As a
second step, we have added the dynamical information re-
garding the measurement of the period T (defined above).
For a Newtonian orbit, this is not an independent vari-
able, as it can be univocally determined using the third
Kepler’s law knowing rp, ra and k. For this reason, adding
this piece of information to the fit can be a powerful tool
to distinguish between a truly Newtonian orbit and a man-
ifestly non-Newtonian one. In this case, we fit our mock
data using a χ2 with three observables:
χ23obs = min
k,r0N,θ˙0N

[
rp(k, r0N, θ˙0N)− rmin(k5, d; r0, θ˙0)
]2
σ2r
+
[
ra(k, r0N, θ˙0N)− rmax(k5, d; r0, θ˙0)
]2
σ2r
(40)
+
[
TN(k, r0N, θ˙0N)− TBB(k5, d; r0, θ˙0)
]2
σ2T
 .
Also in this case, we assume that the measure of the time
required for m′ to complete a 2pi-revolution around the
source of the gravitational field is a gaussian distributed
variable with variance σT = 1 s. Typical periods TBB in
our mock data range from hundreds to thousands of sec-
onds. Therefore, this error on the measurement of a pe-
riod corresponds to a 0.1%-1% error, approximately. No-
tice that this is a very conservative choice, given the state-
of-art capability to measure time lapses. However, in most
cases it will be enough.
What we are doing here, i.e. fit ”experimental” data
with a theoretical model asking if the model is able to
reproduce the data, is a hypothesis test. The hypothesis H
that we test is that data are distributed so as to reproduce
some geometrical and dynamical features of a Newtonian
orbit (in statistics, this is called the null hypothesis). In
order to accept or reject this hypothesis, we adopt the
following strategy [1]:
1. We first minimize the χ2 functions defined in either
eq. (39) or (40), obtaining χ2min. If the measured ob-
servables behave as gaussian variables, then χ2min is
distributed according the χ2 probability density func-
tion, f
(
χ2, nd
)
, with nd the number of degrees of free-
dom4. The χ2 p.d.f. gives the probability to get a cer-
tain value of χ2min when performing a χ
2 fit to a set of
4 Usually, the number of degrees of freedom of a χ2 fit is
nd = N − P , where N is the number of data points and P
data, given that the data are gaussian distributed and
that the model used to fit the data is correct.
2. We can then compute the p-value:
p =
∫ ∞
χ2min
dχ2 f
(
χ2, 1
)
. (41)
The p-value, as defined above, computes the area of the
tail of the χ2 p.d.f. If p is small, then χ2min is large and
the goodness-of-fit is poor (i.e. it would be unlikely
that rejecting the hypothesis H be a wrong choice). A
typical value below which the discrepancy between the
hypothesis H and the data is considered to be signifi-
cant is p = 0.05.
3. We eventually draw contours for p = 0.05 in the (r0, θ˙0)-
plane. The results of our hypothesis test are shown in
Figs. 4, 5 and 6 for d = pi, d = pi/2 and d = pi/4,
respectively.
In all figures, the region of the parameter space for
which the fit to data using a Newtonian potential is con-
sidered to be good (i.e. where p > 0.05) is represented
by the light red-shaded area. The region of the parameter
space for which we have an open trajectory (i.e. where
θ˙0 > θ˙
esc
0,BB) is gray-shaded. Eventually, black dashed and
red dotted lines represent the choice of initial conditions
for which a Newtonian (non-Newtonian) orbit is circular
(i.e. rmin = rmax). Let’s call these lines as θ˙
crit
0N and θ˙
crit
0BB,
respectively.
Consider first the case of d = pi, shown in Fig. 4. Using
only information from the measurement of rmin and rmax
(left panel), the result of a fit to data under the hypothesis
that data should reproduce a Newtonian orbit is very good
in, approximately, all of the allowed parameter space (i.e.
in the region for which we expect a non-open trajectory).
There are two regions for which the fit is not good, and
therefore rejecting the hypothesis is unlikely to be wrong.
The first one is a narrow strip near the bound where tra-
jectories become open. Notice that the grey shaded area
represents the region of the parameter space for which m′
escapes to the gravitational force FBB generated by the
source m located on a distant brane. For values of the pa-
rameters near the escape line, the time needed to make a
2pi-revolution become longer and the orbit is very long (as
the number of fitting variables. However, this is strictly true
ONLY when the model that we use to fit the data is linear, i.e.
X(n,θ) = θ1A1(n) + . . . θPAP (n), where n (n = 1, . . . , N) is
the data vector, θ is the free parameters vector (θ = 1, . . . , P )
and A(n) is a basis of functions that depend on the data set.
If the functions that form the basis are independent between
themselves, then nd = N −P (otherwise, in general one would
get N − 1 > nd > N − P ). However, when the model that
we use to fit the data is non-linear , nd cannot be computed
straightforwardly (see Ref. [40] and refs. therein for some ex-
ample on this subject). This is, indeed, our case, as eqs. (34)
and (36) imply non-linear relations between the fit parameters
r0N, θ˙0N and k. For this reason, since we want to draw qualita-
tive conclusions on the capability of a Newtonian model to fit
data produced by a brane-to-brane force, we will fix nd = 1 in
our simulations.
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it happens for trans-plutonian objects in the Solar Sys-
tem). On the other hand, the escape line for a Newtonian
force (not plotted) lies within the grey shaded area, and
orbits in the Newtonian case are shorter and faster. For
this reason, the fit in this region gives generically a small
p-value. The second region where the fit is not good cor-
responds to low r0 and θ˙0 ∼ θ˙ crit0BB. This happens since
for this particular choice of the input values (r0, θ˙0) the
data describes a nearly circular orbit (see the left panel
of Fig. 3), whereas a Newtonian potential would try to fit
them with a hugely elliptical one (as it can be seen looking
at the black dashed line, for which θ˙ crit0N  θ˙ crit0BB for r0 ∼ R
and this value of d). Below the red dotted line the BB-
orbits are elliptical, too, and the Newtonian model is able
to mimic the data. The results are quite different when we
introduce information from the measurement of the time
required to make a 2pi-revolution, TBB (right panel): in
this case, a Newtonian fit to the data gives an extremely
small p-value in all the parameter space. We conclude that
for d = pi, the measurement of the period with an error
σT = 1 s is necessary (and sufficient) to exclude that the
observed trajectory is Newtonian.
Consider now the case of d = pi/2, Fig. 5. The fit to
two observables (left panel) is very similar to that at d =
pi. The only difference is that the critical line θ˙ crit0,BB (red
dotted line) is very similar to the Newtonian critical line
θ˙ crit0,N (black dashed line) for most of the values of θ˙0 in the
figure; as a consequence, the region for which the fit is bad
at low r0 moves upward (where the difference between the
two lines increases). As for d = pi, in the right panel we
can see that, after including the measurement of the time
needed to make a 2pi-revolution, the Newtonian fit is able
to reproduce the data in all of the considered region of the
initial conditions parameter space.
Consider, eventually, the case of d = pi/4, Fig. 6. The
fit to two observables (left panel) shows that a Newto-
nian potential is able to fit the mock data in all of the
considered parameter space. Notice that, in this case, the
brane-to-brane and the Newtonian critical lines θ˙ crit0,BB and
θ˙ crit0,N coincide for θ˙0 ∈ [0.001, 0.020] (they start to differ
for larger values of θ˙0). For this reason, no area at low r0
with a poor fit can be found. Once the measurement of
the 2pi-revolution time lapse is taken into account, we are
still not able to distinguish the two models in most of the
parameter space. It is interesting to stress, however, that
a region for which a Newtonian fit cannot explain the ob-
served data is found at large r0, low θ˙0. This is in apparent
contradiction with eqs. (14) and (42), from which we can
see that, for large r0, V5 should approach a Newtonian
potential exponentially. This is because, once an angular
momentum is included, in the considered range of r0 the
dynamics induced by a Newtonian force still differs from
that induced by FBB (and, thus, TBB 6= TN). Since σT = 1
s, the difference in the revolution times is large enough to
invalid the null hypothesis. On the other hand, for larger
values of r0 we expect that the distinction between the
two models be no longer possible.
As a last comment, we have checked that for d = pi/4
it is possible to reject the Newtonian hypothesis in the
whole considered parameter space if the error on the mea-
surement of the time needed to perform a 2pi-revolution of
m′ around x0 is lowered. This can be done using σT = 0.1
s, certainly nothing exceedingly difficult to achieve given
the state-of-art electronics.
5 Two bodies on the same brane
We have seen in the previous section that, once the mass
m′ acquires a small angular velocity, the time needed to
perform a 2pi-revolution around the projection of the source
of the gravitational field m can differ significantly between
a Newtonian and a brane-to-brane motion. This is still
true even when the two masses lie onto the same brane,
i.e. in the case d = 0. For this reason, in this section we
will study in more detail this case, that can be of direct
relevance to improve the bounds on deviations from the
1/r2 Newton’s law.
The problem we want to study is that of a classical two-
body gravitational system with a ”planet” P with mass
m ∼ 10−7 g and a ”satellite” S with mass m′ ∼ 10−9
g, such that we can neglect the motion of P under the
effect of S. As we have seen in the previous section, with
this choice of masses, the typical orbit of S around P has
a radius of tens to hundreds of microns (depending on
the initial position r0 and on the initial angular velocity
θ˙0). We consider, therefore, a ”laboratory” with a size of 1
mm2. The source should be made of a compact material, in
order to reduce its size: for a spherical iron source of mass
m = 10−7 g, the radius is rP = 14.5 µm; for a platinum
source with the same mass, rP = 10.3 µm. On the other
hand, a satellite S of mass m′ = 10−9 g has a typical size
ranging from 2 to 3 µm, depending on the material5. To
get an idea, the ratios of masses and radii of S to P are
very similar to the corresponding ratios for the Moon and
the Earth. The relative distance between S and P that
we are considering, on the other hand, is much shorter
than the distance between the Earth and the Moon. The
satellite S remains in orbit around the planet P because
the range of angular velocity that we are dealing with is
much larger than the angular velocity of the Moon around
the Earth. The first difference between the d = 0 and d 6= 0
cases is that the potential diverges when m′ approaches
the source of the gravitational field. Taking into account
the physical size of the source and of the satellite, we must
choose the range of the initial conditions so as to avoid a
collision between P and S. We consider, therefore, the
initial distance between the two bodies larger than in the
case d 6= 0: r0 ∈ [100, 200] µm. The range of angular
velocities such that S does not collide with P and does
not escape from it is rather narrow for this choice of r0:
θ˙0 ∈ [1.5× 10−4, 1.5× 10−3] rad/s (notice that the Moon
5 In principle, to reduce backgrounds due to electrical forces
between P and S, the satellite should be an insulator. How-
ever, alternative choices could be made, depending on the setup
adopted (see e.g. Refs. [41–43]).
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Fig. 4. The p-value contour delimiting the region of the (r0, θ˙0) parameter space for which a Newtonian force can or cannot
reproduce data corresponding to the orbit of an object of mass m′ induced by the gravitational field generated by a mass m located
on a brane at distance d = pi. The red-shaded (white) area corresponds to the region for which the p-value is above (below) 0.05,
i.e. in this region the null hypothesis cannot (can) be rejected. The grey-shaded area corresponds to the region for which m′
”escapes” to the force FBB generated by m. Left panel: fit performed using measurement of two observables (rmin and rmax),
eq. (39). Right panel: fit performed using measurement of three observables (rmin, rmax and T ), eq. (40). In both panels, the
black dashed line (red dotted line) represents the value of θ˙0 for which the orbit is circular, θ˙
crit
0,N (θ˙
crit
0,BB).
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Fig. 5. The same as in Fig. 4 for d = pi/2.
angular velocity around the Earth is 2.66 × 10−6 rad/s).
For a typical choice of initial conditions within the range
give above, r0 = 190 µm and θ˙0 = 1.8 × 10−4 rad/s, we
get a very eccentric Newtonian orbit, e = 0.775, to be
compared with the nearly circular Moon-Earth orbit, for
which e = 0.0549.
As in the previous section, we have performed a statis-
tical analysis of the goodness of a Newtonian fit to mock
data produced using the 5-dimensional force F5. Our re-
sults are shown in Fig. 7. Again, the grey-shaded area rep-
resents the region for which S escapes the gravitational
field of P , whereas the light red-shaded area represents
the region of the parameter space for which rejecting the
Newtonian hypothesis is likely to be wrong (i.e. the re-
gion for which p > 0.05). The left panel represents a fit
to only two observables, rmin and rmax, whereas the right
panel includes the information on the time needed for S to
perform a 2pi-revolution around P , T5. In order to present
the narrow region of allowed angular velocities, we have
shown the vertical axis in logarithmic scale. Notice that,
for simplicity, we have considered in our numerical simu-
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Fig. 6. The same as in Fig. 4 for d = pi/4.
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Fig. 7. The p-value contour delimiting the region of the (r0, θ˙0) parameter space for which a Newtonian force can or cannot
reproduce data corresponding to the orbit of an object of mass m′ induced by the gravitational field generated by a mass m located
on the same brane (i.e. d = 0). The red-shaded (white) area corresponds to the region for which the p-value is above (below)
0.05, i.e. in this region the hypothesis cannot (can) be rejected at 95 % CL. The grey-shaded area corresponds to the region for
which m′ ”escapes” to the force F5 generated by m. Left panel: fit performed using measurement of two observables (rmin and
rmax), eq. (39). Right panel: fit performed using measurement of three observables (rmin, rmax and T5), eq. (40). The black dot
shown in this panel represents the initial conditions choice r0 = 190 µm, θ˙0 = 1.8× 10−4 rad/s discussed below.
lations only the case in which the compactification radius
is R = 10 µm.
As we can see from the right panel of Fig. 7, the
information coming from the measurement of the time
needed to perform a 2pi-revolution of S around P is nec-
essary in order to distinguish the Newtonian orbit from
the 5-dimensional one. Once this information is included,
a white strip in the (r0, θ˙0)-plane for which the distinc-
tion is possible emerges. In order to understand better
why the two cases give significantly different results, we
choose a representative point within the white region of
the (r0, θ˙0)-plane and study the main characteristics of the
corresponding orbits. Consider, then, the case of r0 = 190
µm, r˙0 = 0 and θ˙0 = 1.8 × 10−4 rad/s, represented by a
black dot in Fig. 7 (right panel). The dependence of the
distance of S from P as a function of time for the New-
tonian and the 5-dimensional cases are shown in the left
panel of Fig. 8 in red, solid (blue, dashed) lines, respec-
tively. Notice that the plot doesn’t show t = 0, for which
necessarily r0 coincides with the apoapsis ra due to the ini-
tial condition choice. As we can see, the information con-
cerning the distance of S from P is not much inspiring: the
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maximum distance is always identical for the two cases,
whereas the minimum distance of S from P (the periapsis,
rp) is a bit shorter for the 5-dimensional case with respect
to the Newtonian case. We also notice a rather small shift
in the time needed to regain the apoapsis after one revo-
lution. In the right panel of the same figure we present, on
the other hand, the gravitational force felt by S under the
effect of P along its orbit (multiplied by a convenient factor
1022). We can see that, when S reach its periapsis, the force
in the 5-dimensional case can indeed be much larger than
for the Newtonian case. For the particular choice of r0 and
θ˙0 given above, we have that FN (r = rp,N ) = 17.3×10−22
N whereas F5(rp,5) = 322.8× 10−22 N, i.e. approximately
twenty times larger!
The impressive enhancement of the gravitational force
at the periapsis alters completely the orbit of S around
P. This is shown in Fig. 9, where the Newtonian orbit is
represented as a red, solid line and the first ten (!) revolu-
tions of S around P are shown by blue, dashed line. The
black disk at the center of the plot represents the plat-
inum source with a physical size rP /R = 1.03, whereas
the satellite is represented by a small black dot starting
at a r0 = 190 µm distance on the positive horizontal axis.
Notice that the angular velocity has been fine-tuned so
that the 5-dimensional orbit never touches the source, i.e.
the satellite S never crashes onto the planet P. However,
every time that S approaches its periapsis, the source P in-
duces a gravitational slingshot on it, modifying completely
its trajectory. The 5-dimensional orbit can be described as
follows: after a first half-revolution that follows approxi-
mately the Newtonian trajectory, the gravitational force
of P makes S perform a very fast and short circular or-
bit around P, only to regain an almost elliptical path that
eventually brings it to a new apoapsis, albeit with an ap-
proximate 90◦ shift of the ellipse major axis with respect
to the Newtonian orbit. This pattern: (1) a long and slow,
almost Newtonian, revolution, followed by (2) a short and
fast, almost circular, one, repeats until finally regaining
(approximately) the initial position after ten revolutions,
as shown in the Figure. It is clear that the 5-dimensional
orbit is geometrically completely different from the New-
tonian one. As we will see, the time needed to perform a
revolution differs as well.
In the right panel of Fig. 9 we plot the times that S
needs to perform a revolution around P. In the Newtonian
case, depicted by red triangles, every revolution takes the
same time, TN , that for the particular choice of initial
conditions given above is TN = 6956.8 s, i.e. almost two
hours! The blue squares represent, on the other hand, the
revolution times in the 5-dimensional case, T5n, where n
stands for the n-th 2pi-revolution of S around P. In this
case, we can appreciate immediately the effect of the gravi-
tational slingshot induced by the huge enhancement of the
gravitational force at the periapsis in the 5-dimensional
case with respect to the Newtonian case: revolution times
approximately similar to those computed in the Newto-
nian case are followed by much shorter revolution times,
ranging from ∼ 100 s to ∼ 1000 s. It is this information
that can be best used to distinguish the two cases and to
improve our present limits on the deviations from the 1/r2
Newton’s law.
6 Deviations from the 1/r2 Newton’s law in
4-dimensions
The results obtained in the previous section for the case
of gravity in a M4 × S1 space-time with one extra spa-
tial dimension compactified on a circle of radius R can be
generalized to study any deviation from the 1/r2 Newton’s
law. Consider the case in which two bodies of mass m and
m′, respectively, are located onto our brane (i.e. here). In
this case, the gravitational potential generated by m and
acting on m′ is given by eq. (11) computed for the special
case y = 0. When the distance r between the two masses
is large compared with the compactification radius (i.e.
a = r/R  1), the potential can be approximated with
eq. (14). This approximation has the same functional form
of the Yukawa potential used to parametrize experimen-
tally deviations from the Newton 4-dimensional law:
Vpheno(α, λ, r) = −G4mm
′
r
[
1 + α e−r/λ
]
, (42)
with the particular choices λ = R and α = 2 cos d (i.e.
α = 2 for d = 0) and G4 related to the fundamental
5-dimensional coupling by eq. (15). However, eq. (42) de-
scribes any model6 that introduces small, exponentially
suppressed, deviations to the inverse-square Newton’s law
that depend on a single physical scale λ. The yellow (gray
for B&W printing) )region in Fig. 10 represents bounds at
95% CL on deviations from the 4-dimensional Newton’s
law drawn in the (λ, α) plane (taken from Ref. [18] with
bounds obtained in Refs. [20,44–50]). Notice that different
theoretical models predict, generically, different expected
ranges for α. In the particular case of one compact extra
spatial dimension, as we have seen, α = 2.
In order to apply the results of Sect. 4 and 5 to study
eq. (42), we sketch the following hypothetical experimen-
tal setup:
1. Consider a 1 mm3-wide laboratory, with a platinum
sphere with radius rP = 10.3 µm and mass MP = 10
−7
g located at the center of the lab;
2. Insert the lab between two magnets, so that we may
levitate a diamagnetic satellite in order to cancel the
Earth gravitational field7;
3. Introduce a diamagnetic sphere with mass mS = 10
−9
g in the lab so as to match some carefully chosen initial
conditions for its distance from the source and its tan-
gential velocity. The diamagnetic sphere can be, for
example, made of pyrolitic graphite, with a density
ρPG = 2.2 g/cm
3 (for which the radius of the sphere
would be rS = 4.8 µm). In this case, magnets produc-
ing a magnetic field B ∼ 0.5 T suffice to levitate the
6 Notice that α may be positive or negative.
7 Possible alternatives may be to use an optically-cooled lev-
itating dielectric satellite [41–43], or to move the mm3-size lab
into a zero gravity environment.
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Fig. 8. Distance of S from P and gravitational force at the S position over time for the initial conditions choice r0 = 190 µm
and θ˙0 = 1.8 × 10−4 rad/s. Left panel: the distance of the satellite S from the planet P as a function of time. Right panel: the
gravitational force felt by the satellite S under the effect of the planet P as a function of time, multiplied by a factor 1022. In
both panels, red, solid lines represent the Newtonian case, whereas blue, dashed lines represent the 5-dimensional case.
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Fig. 9. Left panel: the orbit of the satellite S (depicted by a black dot at x0/R = 19, y0/R = 0) around the planet P (at the
center of the plot) in the orbit plane for the initial conditions choice r0 = 190 µm and θ˙0 = 1.8×10−4 rad/s. The red , solid line
represents the Newtonian orbit, whereas the blue, dashed line represents the 5-dimensional orbit. Right panel: the measurement
of the time needed to perform n 2pi-revolutions of S around P for the same choice of initial conditions. Red triangles represent
the Newtonian case, whereas blue squares represent the 5-dimensional case.
satellite, given the diamagnetic susceptibility of py-
rolitic graphite, χ = −16 × 10−5 [51, 52]. Introducing
the satellite into the lab with given initial conditions is,
of course, the most difficult task to achieve experimen-
tally. However, recent results [53] show that levitating
pyrolitic graphite may be put into motion by means of
photo-irradiation.
Once the diamagnetic satellite S is put into motion
around the platinum planet P, we connect a trigger to a
clock in such a way that every time the satellite crosses
the line y = 0 (at any point on the x axis) the measure of
the time needed to S to perform a 2pi-revolution around P
is taken. The error in the measurement of each Tn is the
clock sensitivity, neglecting the delay between the trigger
and the clock (remember that we are dealing with revo-
lution times that ranges from minutes to hours). We will
consider in the statistical analysis that follows a very con-
servative σT = 1 s error. The collection of Nrev revolution
times Tn forms our data sample. Once the data are col-
lected, we try to fit our data within the hypothesis that
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they reproduce a constant revolution time Tn = TN , being
TN the period of a Newtonian revolution. This is done by
computing the following χ2:
χ2 =
Nrev∑
n=1
(Tn − TN )2
1
. (43)
In the following, we have considered Nrev = 20, that would
correspond approximately to a couple of days of data tak-
ing in the case of Newtonian orbits.
This procedure can be applied to the Large Extra Di-
mension case discussed above, but can be also generalized
to the case of a phenomenological Yukawa potential as the
one given in eq. (42). In this case, the modified gravita-
tional force is:
Fpheno(α, λ, r) = −G4mm
′
r2
[
1 + α
r
λ
e−r/λ
]
, (44)
where α = 2 cos d and λ = R in the case of a brane-to-
brane force, eq. (21).
Fig. 10. In yellow, we show the 95% exclusion lines from sev-
eral experiments on deviations from the 4-dimensional 1/r2
Newton’s law in the (λ, α) plane (from Ref. [18]). These lines
correspond to experimental bounds from Refs. [20, 44–50]. In
red we show the 95% CL bound that can be drawn using the
method outlined in this section for a diamagnetic sphere of
mass m′ = 10−9 g put into orbit around a platinum source
of mass m = 10−7 g with initial distance r0 = 190 µm and
initial angular velocity θ˙0 = 1.8× 10−4 rad/s.
The results obtained using the setup described above
and eq. (43) for the initial conditions r0 = 190 µm and
θ˙0 = 1.8 × 10−4 rad/s are shown in Fig. 10. Present
bounds, as already said, are represented by the yellow
region, whereas our results at 95% CL are shown by a
red thick line. It can be seen that the bound on λ can be
pushed down to a few microns for any value of α ≥ 10−1,
whereas we get λ < 10 µm for α as low as 5 × 10−3. Be-
low λ = 1 µm we lose sensitivity as the exponential factor
in the Yukawa potential exp(−r/λ) rapidly kills the sig-
nal (to go beyond this limit, entering into the nano-world,
we should change m and m′). For λ > 100 µm there is
also a reduction in the sensitivity due to the r/λ factor
in front of the exponential term in eq. (44). On the other
hand, for the particular choice of initial conditions and
masses mS and mP , we have maximal sensitivity for λ
in the interesting range λ ∈ [10, 100] µm. Notice that the
sensitivity loss that can be seen for λ ∼ 80 µm is due
to a cancellation between the Yukawa correction to the
gravitational force −(GNmSmP /r2)α r/λ exp(−r/λ) and
the centripetal force term h0/r
3 in eq. (33) for the partic-
ular choice of the initial conditions. We have eventually
checked that our results are independent on the sign of α.
An important point to stress is that in eq. (43) we have
not included backgrounds nor systematic errors. This has
not been due to negligence, though. Even if a more care-
ful study of the possible backgrounds should be performed
before implementing the setup proposed here in a real ex-
periment, we have thoroughly checked the principal back-
ground sources convincing ourselves that they are indeed
irrelevant or negligible (for different reasons). We list them
in order of importance:
1. First of all, the most important background that limit
the sensitivity of experiment searching for deviations
from the 1/r2 Newton’s law is that due to electrostatic
forces: these may be Coulombian, dipolar and Van
der Waals forces. These forces, for macroscopic objects
such those considered in the setup proposed above (our
S and P spheres are indeed much bigger than molecu-
lar or atomic scales), have a 1/r2 dependence on the
distance of S from P. Therefore, for the Bertrand’s the-
orem, they will only modify the period of the orbit of S
around P whilst still maintaining a closed, elliptical or-
bit with identical times for any revolution of S around
P. Deviations from the Newton’s law in the form of
a Yukawa potential, on the other hand, will induce a
non-elliptical orbit and a precession of the periapsis. A
χ2 analysis using eq. (43), but comparing Tn with the
average revolution time T¯ = 1/Nrev
∑Nrev
n=1 Tn and not
with the Newtonian period TN , could easily take into
account these backgrounds.
2. Another relevant source of background in experiments
testing the 1/r2 law is the Casimir force acting between
the probe and the source of the gravitational field, that
are usually both conductors. The Casimir force for two
conducting spheres has a rather involved dependence
on the distance r between the spheres (see, for exam-
ple, Ref. [54]), that however goes as 1/r4 for small
distances. This may potentially induce an observable
precession of the periapsis. In our case, however, we
use a diamagnetic sphere as the probe, thus reducing
significantly any possible Casimir force between the
two objects.
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3. Impurities in the magnetic field used to levitate the
diamagnetic sphere are randomly distributed along the
sphere orbit. Therefore, they should reasonably aver-
age out without affecting the gravitational effects that
alter the revolution times Tn pattern.
4. We have also checked that general relativity effects
(similar to those causing the Mercury perihelion pre-
cession) are completely negligible in the considered
setup.
As a final check, we have parametrized the impact of
possible backgrounds in the form of a correction of the
Newton force by introducing the following potential:
V = −GNmSmP
r
[
1 +
Q1
Ra
+
Q2
R2a2
+
Q3
R4a4
]
(45)
where Q1, Q2 and Q3 are the (dimensionful) couplings of
possible sources of backgrounds in units of the gravita-
tional couplingGNmSmP . We have found that, in order to
have a significant impact on the geometrical and kinemat-
ical properties of the orbit, they must be: Q1/R > 10
−1,
Q2/R
2 > 10−1 and Q3/R4 > 1 for R = 10 µm.
In order to realize such an experiment, of course, also
systematic errors should be taken into account. This is
not the place, however, where to study their impact on
the shown results.
7 Conclusions
This paper, as often occurs, started with a limited goal (to
study deviations from Newtonian orbits when dealing with
a model in which particles are attached to different branes
embedded in a compact (4+n)-dimensional space-time) to
evolve along its completion to something potentially more
ambitious, i.e. the possibility to detect deviations from the
1/r2 Newton’s law using precisely the study of departures
from Newtonian orbits in 4-dimensions (regardless of the
particular model that may induce these departures). In
Sects. 2 to 4, we develop the formalism needed to study
the kinematical characteristics of orbits for two bodies ly-
ing on different branes in a M4 × S1 space-time, with an
extra spatial dimension compactified on a circle of radius
R. First, we computed the gravitational potential in the
considered manifold, as it was done in Refs. [37,38]. Then,
we computed the force acting on a mass m′ attached to a
brane at a distance d = y/R from the source of the grav-
itational field m located on a brane at y = 0. This has
been done following the outline of Ref. [39]. Eventually,
in Sect. 4 we used these results to study the motion of a
mass m′ ∼ 10−9 g lying onto our brane, orbiting around
the projection of a gravitational source m ∼ 10−7 g lo-
cated on a brane at a distance d = y/R from us, with
R = 10 µm. The considered masses have been chosen so
that Newtonian, elliptical, orbits have a typical size rang-
ing from tens to hundreds of microns, i.e. in a region not
yet thoroughly tested experimentally. The compactifica-
tion radius is just below the present upper bound on the
size of an extra spatial dimension. Even if this setup can-
not explain the large hierarchy between the electroweak
symmetry breaking scale Λew and the Planck scale MP ,
the hierarchy problem may still be solved assuming that
more the one extra-dimension exists. We have found sev-
eral interesting features: first of all, orbits are not elliptical
in a significant portion of the initial conditions parame-
ter space. They may be bounded, but are not closed (as
guaranteed by the Bertrand’s theorem, since correction
to the gravitational force have not a 1/r2 dependence on
the distance). A significant precession of the periapsis (the
point at the minimal distance from the source of the grav-
itational field) is generally observed. The distance at the
periapsis can be smaller or larger than the corresponding
distance in the Newtonian case, depending on the initial
conditions. In addition to this, the time needed to m′ to
perform a 2pi-revolution around the projection of m onto
our brane is usually quite different from the (constant)
period find in a Newtonian orbit and it may change from
a revolution to the next. Therefore, when mock data are
produced within a two-brane models and fitted with a
Newtonian model, we have found that the fit is poor in
a significant portion of the parameter space, i.e. a New-
tonian potential is not able to reproduce the data.This
result, of course, depends significantly on the distance be-
tween the two branes: the nearer, the more difficult the
two models are to be distinguished.
Our results seems to imply that the study of the ge-
ometrical and kinematical characteristics of orbits in the
micro-world may represent a powerful tool to detect de-
viations from standard Newtonian dynamics at the mi-
cron scale. For this reason, in Sect. 5 we have applied the
same technique to the interesting case d = 0, i.e. when
both the gravitational source m and the test mass m′
lie on the same 4-dimensional manifold embedded in a
5-dimensional compact bulk. We have found that signif-
icant deviations from Newtonian orbits can be observed
also in this case, when a reasonable window in the initial
conditions parameter space is considered. In particular, for
particular choices of the initial conditions, extremely large
departures from elliptical, stable and periodic orbits can
be seen. The measurement of the time needed to m′ to per-
form n 2pi-revolutions around m gives, therefore, a distinc-
tive, unambiguous signature of modifications of the 1/r2
Newton’s law. In order to generalize our results, in Sect. 6
we have applied the same technique to the phenomenolog-
ical Yukawa potential commonly adopted when searching
for departures from the Newton’s law. Within this frame-
work, the gravitational potential is modified by an addi-
tional term in the form αGNmm
′ exp(−r/λ) where, for
the particular case of LED, α = 2n (being n the number
of extra spatial dimensions) and λ = R. Typical bounds
on λ ranges from λ < 1 µm for α > 1010 to λ < 100 µm
for α ∼ 10−3. In the case α = 2 (i.e. in the case of one
LED), we have λ < 44 µm. We have therefore proposed a
possible experimental setup that could take advantage of
the results of the previous sections and that could be used
to improve our present bounds in the (λ, α)-plane. The
setup consists of a 10−7 g platinum gravitational source
at the centre of a 1 mm3 laboratory, inserted between two
magnets with a magnetic field B ∼ 0.5 T so to levitate a
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10−9 g diamagnetic satellite (in order to cancel the Earth
gravitational field). The satellite is put into orbit around
the source at an initial distance r0 = 190 µm with an
angular velocity θ˙0 = 1.8 × 10−4 rad/s (where the initial
conditions are chosen to maximize the distortion of the
orbit with respect to a Newtonian one, whilst avoiding
the crash of the satelllte onto the planet surface). The re-
sulting orbit is extremely irregular: for α = 2, λ = 10 µm,
an almost elliptical, very slow, half orbit is followed by
a nearly circular, very fast, one, such that the revolution
times change abruptly from one revolution to the next.
The significant gravitational slingshot effect is caused by
a stronger gravitational force at the periapsis of the orbit.
For larger values of α and smaller values of λ, we have
found that measuring the first 10 to 20 revolution times
seems to be enough to detect small departures from ellipti-
cal, periodic orbits and, thus, from the 1/r2 Newton’s law.
Bounds below a few microns on λ can be obtained at 95%
CL for α > 1, whereas for α > 5×10−3 we can put a limit
λ < 10 µm at the same CL (the present bound on λ for
α = 10−2 is λ < 300 µm). Although our statistical anal-
ysis has been carried out with no backgrounds, we have
checked that the most relevant backgrounds that afflict ex-
periments looking for deviations from the 1/r2 Newton’s
law, such as Coulombian, dipolar or Van der Waals forces,
Casimir attraction or general relativity corrections, are ei-
ther irrelevant (as they cannot cause a precession of the
periapsis or alter the periodicity of the orbit) or negligible
in the considered setup.
We are therefore convinced that further studies regard-
ing the feasibility of the proposed experiment should be
carried on in order to determine the viability of this tech-
nique, that could improve our present bounds on devia-
tions from Newtonian gravity in the micro-world by an
order of magnitude or more.
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